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Let S be a compact surface. Because S is in R?, then Heine-Borel tells us that the surface is bounded. Let v € S2.
Because S is bounded, then there exists a plane P with unit-normal v that is “far enough away” from S that P
and S have no intersection. Thus we can bring P in towards S along the line containing v until it first touches .S
at some point q. We know that such a point ¢ exists because S is necessarily closed again due to the implications
of Heine-Boral since S is compact. Then P will be tangent to S with ¢ being the point of tangency. Since v is a
unit-normal of P, then N(gq) will be v. Hence N is surjective.
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Let S be the graph of a smooth function f(z,y).

(a)

Letting x(z,y) = (x,y, f(z,y)) be a coordinate map for S we have

Xy = (1707fz)7 Xy = (07 1>fy)» Xexr = (anvfwz)7 Xpy = (an»f:ry)y and Xyy = (07O7fyy)

Using the normal given by

X, AN X
N = LA
x y
the formula for the normal is (—f 1)
N(z,y) = ="

€= <Naxzz> =cCfoz, [ = <Naxzy> = Cfmya and g = <N>ny> = nyy

Denoting (1 + f2 + fy2)_1/2 by ¢, we then have

as well as
E=(x;%,)=1+f2 F= (Xe,Xy) = fofy, and G = (x,,x,) =1 +f§

With these formulas we can use the following formula for the Gauss curvature
o c9- [
EG — F?
to arrive at
CQfa:a:fyy - CQ(facy)2
L+ A+ ) = 1215
2 frafyy — (fay)?
S R R PRy T

CQ fmfyy — (fzy)z
[ENEEN

faczfyy B (fmy)2
0+ 2457
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(b)

For f(z,y) = 2 + y? we have

f:r = 2z, fu =2y, f:r::v =2, fyy =2, and fzu =0
which when using the formula derived in part (a), yields a Gaussian curvature of

Ko 2(2) — 02 B 4
S 202+ (29)2)? (L4 4a? + 4y?)?

which is a nonnegative value that appropaches zero at infinity.

()

For f(x,y) = 2? — y* we have

fo=2x, fy=-2y, fox =2, fyy = -2, and fry =0
which when using the formula derived in part (a), yields a Gaussian curvature of

2(—2) — 02 —4

(1+(27)2 + (—2y)2)2 (1 + 422 + 4y?)2

which is a nonpositive value that again appropaches zero at infinity.

(d)
For f(x,y) = /22 + y? we have

fo=2(@® +92)V2, £, =y(@® +92) V2 fow = (@@ + 02TV 422 (2% + )73

and
fyy — (x2+y2)71/2+y2(x2_’_y2)73/2’ fry:l,y(x2_’_y2)73/2

which when using the formula derived in part (a), yields the following Gaussian curvature denoting (2% + yz)_l/ 2
by ¢
(c — 22c3)(c — y2c%) — (zyc®)? @ — 22c — y2ct + 2228 — 2292 2 — 22ct — g2t

(1+ (zc)? + (ye)?)? (14 22¢2 + y2c?)? (1+ 22c2 + y2c2)2
Multiplying the numerator and denominator by ¢~* results in a numerator for K of

2 gt g2

2

and since ¢=2 = x2 + 42, then K is identically zero.

(e)

If f is only a function of x, then x, = (1,0, f;), x, = (0,1,0), Xz, = (0,0,0), and x4, = (0,0,0). Due to the latter
two, f = (N,Xz,) =0 and g = (IV,X,4) = 0, which makes for a zero Gaussian curvature.
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Using the following formula for the mean curvature

H_ng—Qﬂﬂ+Eg
2  EG-F?

and the formulas for e, f, g, F, F and G from the previous problem to get the following; again we denote
A+ f2+ 1) bye

lcfzx(l + f;) - Qszyfzfy + (1 + fg)cfyy

2 L+ f2+f2
0 o Efm(l‘f'fyz)_2fzyfrfy+(1+f3)fyy
2 L+ f24 12

201+ f2 4 f2)3/2
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Let S; and S be surfaces of the graphs of functions z = fi(x,y) and z = fa(z,y), respectively, such that both
pass through the origin and are tangent to the z = 0 plane. Assume that fo(z,y) > fi(x,y) > 0. Because zero is a
minimum value for both surfaces, then the all partial derivatives fi5, fiy, foz, f2y are zero. This then reduces our
equations for Gaussian and mean curvature at the origin, derived in problem one, to

Kl = fla:mflyy - f12zyK2 = f2a::rf2yy - f2293y

and
H, = fl:rx + flyyHQ = f2zz + f2yy

Because fa(x,y) > fi(x,y) > 0 was assumed, then from Calculus we know that

f2zz Z fl:vz 2 0
and
f2yy 2 flyy >0

Adding together these two inequalities yields foze + foyy = fize + fiyy a@nd multiplying them together yields
foyy foze = fiyyfize = 0. At the origin, the former informs us that Hy > H; and, upon rotating the zy-plane such
that fizy = fozy = 0, the latter gives us that Ky > K;.
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Let S be a compact, orientable surface with inward-pointing normal. Thus Heine-Borel tells us that the surface is
bounded, so we can enclose it within a sphere. Shrink this sphere until it first touches S and call one of possibly
multiple such points p. We know that such points exists since S is closed, again due to Heine-Borel since S is
compact. We can now rotate S and the sphere such that p is identified with the origin, T},(5) is identified with the
z = 0 plane, and the normal points in the positive direction. Then we can find a neighborhood of p (now identified
with zero) such that S is the graph of some function fg and the sphere is the graph of some function f such that
fs(z,y) > f(z,y) > 0 at the origin. Thus, by the results of the previous problem, the Gaussian curvature of S at
p is greater than or equal to that of a sphere. Thus S has strictly positive curvature since a sphere does as well.
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Let S be a minimal surface.

(a)

Because S is a minimal surface, then for the principle curvatures k; and ks at any point p, we have the mean
curvature is zero, i.e. ’“1;7’“2 = 0. In other words, k; = —ky. Hence the Gaussian curvature kiko is simply —k3,
implying that it is always nonpositive.

(b)

The results of problem five and the previous part of this problem imply that there are no compact minimal surfaces
in R.
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