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Define D(F) € Z[z1,...,2zy] by
DF) = 3 (- ay)? (L1)

(a)

Existence Given equation 1.1, D(F') can alternatively be specified as

D(F) = > (i — ;)

i,5€{1,...,n}, i<j

Because any o € S, is bijective and because (z; — x;)? = ((—=1)(z; — 2;))? = (—=1)*(z; — x;)® = (¥; — ;)?, then

Z (To(i) — xg(j))z = Z (x; — ch)Q = D(F)

i,7€{1,...,n}, i<j 1,7€{1,...,n}, i<j
In other words, D(F') is symmetric. Thus there indeed exists a polynomial d € Z[z1, ..., x,] such that d(s1,...,$,) =
D(F) since every symmetric polynomial in Z[z1,...,x,] is contained in Z[sq, ..., sp]-
Uniqueness There cannot exist two distinct di,dy € Z[x1,...,x,] such that di(s1,...,8,) = da(s1,...,8,) =
D(F') because their existence would contradict the algebraic independence of si,...,s, [Lan02, p. 192] since it

would imply d = dy — ds has d(s1,...,s,) =0.

(b)

Degree n = 2 To find an explicit formula for disc(f) where f(¢) is a monic polynomial of degree two, we need
to find d(z1,22) € Z[z1, 22) such that d(s1, s2) = (1 — x2)?. Because of the existence/uniqueness proven above, we
can find such a polynomial and there will be only one. So because s1 = x1 + z2, o = 122 for n = 2 and because

(1 — 22)% = 22 — 22129 + 25 = (23 + 2m120 + 23) — dw120 = (21 + 22)? — 42129
then we can deduce that d(z1,22) = 2 — 425. Hence for any f(t) =t>+at+b

disc(f) = d(—a,b) = a® — 4b

Degree n = 3 To find an explicit formula for disc(f) where f(¢) is a monic polynomial of degree three, we need
to find d(21, 22, 23) € Z[21, 22, 23] such that d(s1, s2,s3) = (v1 — 22)?(71 — x3)*(w2 — 23)%. Again, because of the
existence/uniqueness proven above, we can find such a polynomial and there will be only one.

We first notice that d(si, s2, s3) will be a homogeneous polynomial of degree six in xy,xo, x3. Therefore, since
§1 = X1+ X2 + T3, Sg = T1X2 + T1X3 + T2x3, and S3 = T1X2T3,

2 3 3 2.2 4 6
d(s1, S2,83) = 183 + 2838251 + (38387 + u 85 + Q58587 + aesas] + ars]

for some integers o, aso, a3, ay, as, ag, ar. We will find these values by analyzing the following expansion

(1 — 22)% (21 — 23)* (22 — 23)° = x%x% — 2233 + x?m% — 2334111‘2.133 + 223022,

2.3 4 4,2 3. .2 2.2 2

+ 2x{T503 — 201T5%3 + X723 + 2T T205 — 6277573
3.2, 4.2 3.3 2, .3 2.3
+ 2z 2575 + THx3 — 2225 + 2x{T2Ty + 271 2575

3,.3 2.4 4 2,4
— 2x5x5 + T3 — 2212225 + THT3
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From this equation, it is immediately apparent that ag = a7 = 0 since sos7 and s would produce monomials
containing x; raised to a degree higher than 4, but there is no such monomial in the polynomial of equation 1.2.
Now, given the expansions

2 2,2, .2
s3 = Tix5T
3 17223
$38281 = 33:%56%.733 + m%xgxg + J;‘i’a:gxg + 3x%x§x§ + a:lxgx% + xfargxg + xlxgxg
3 4 3,2 2.3 4 3. .2 2.2 2 3,2 2. .3
5387 = x122x3 + 3x1x5%3 + 3x]x573 + 12573 + x| X273 + 622525 + 3T1T573 + 3T T2T]
+3z 2323 + 117077
3 3,.3 3,2 2,3 3. .2 2,2 2 3,.2 3,.3 2, .3
sy = xyxy + 3rixars + 3xirhas + 3riraxs + 6x1xsns + 3riTh0s + wiXs + 3TiX2T]
+3z2573 + x3ad
5357 = aiwd 228wl + afal 4 2xtaexs + Sadades + Sulxdus 4 2xahas + xlwd + 8wdwoal
2,22 3,.2 4,2 3,.3 2,. .3 2.3 3.3 2,4
+15z w575 + 8T 12525 + Towz + 22 w3 + 8T T2xy + 8T125%5 + 2x5x5 + T3

4 2 4
+2z1T275 + X573

we will strategically evaluate the coefficients of certain monomials in order to give us five linear equations that will
allow us to solve for the a variables. So for example, the coefficient in equation 1.2 of zfz3x% is -6, and in the
expansions of s3, s3s281, s355, s3, and s3s? the coefficients are 1, 3, 6, 6, and 15, respectively. Hence we have the
equation

o1 + 3@2 + 60[3 + 60&4 + 150[5 =—6

In the same vein, we evaluate the coefficients for the monomials r3z3x3 to get
ag + 3asz + 3ay + 8as = 2

x‘llachg to get

ag + 2as = —2
33 to get

oy + 205 = —2
and finally 2122 to get

a5 = 1
Solving the above five equations we obtain a3 = —27, ag = 18, a3 = —4, ay = —4, and a5 = 1, which in turn
informs us that
d(z1, 22, 23) = —2725 + 18232921 — 42325 — 4285 + 2723

Hence for any f(t) =3 + at? + bt + ¢

disc(f) = d(—a,b, —c) = —27¢* 4 18abc — 4a’c — 4b® + a*b*

(c) Extra Credit

2 Newton Polynomials

(a) Find formulas for Newton polynomials p», p3, and ps in terms of s; through s,

Since ps, p3, and ps are symmetric polynomials over Z, they can be uniquely represented as a polynomial in terms
of the elementary symmetric polynomials over Z. Furthermore, they are homogeneous polynomials of degrees 2, 3,
and 4, respectively, and must therefore have the forms

2
P2 = a18] + azs2
3
p3 = bi1sy + basyso + bss3
4 2 2
Py = €187 + 28182 + €385 + €484
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Clause First Term, Lexicographically

si i
52 T1T2
si i
5182 I%CEQ
S3 T1T2X3
si i
8%82 ,’L‘?l‘g
53 vias
84 T1T2T3L4

Table 2.1: First terms of elementary symmetric polynomials that generate Newton polynomials.

for integers a;, b;, and ¢;.

It’s clear that in order to obtain the appropriate values of ps, p3, and p4, a1 = by = ¢; = 1 since none of
the other clauses in the above equations will be able to account for the x?, z3, and z} in each of p;, pas, and ps.
Hence, in determining the formula for p;, our approach will be to start with s{ ordered lexicographically and find
the coefficient of the leftmost clause that isn’t in p; and then subtract the product of that coefficient with the
appropriate clause on the right hand side of the equations above. We will know which are appropriate by looking
at the lexicographical first term of each of the clauses: where these terms have been generated for n = 4.

So for the case of py we start with

sf = a:% + 2r1719 + x% + 2x123 + 22923 + JS% + 2x124 + 22924 + 22374 + xi

in which the first term 2% should remain since it is in po, but we need to get rid of the second term 2x1z2. Through

use of Table 2.1, this implies that ax = —2 so that we are left with s? — 255 = 2% + 23 + 2% + 23, and thus the
formula for ps.

For the case of p3 we start with s§ = 2} + 32225 + - - -, leaving off the, currently unimportant, terms after the
first two. Again through use of Table 2.1, the coefficient of 3 in the second term informs us that by = —3 so that
we are left with s3 — 3s9s1 = 23 + o3 — 3wy2223 + - - -, which finally informs us that b3 = 3, leaving us with p3’s

formula: s‘;’ — 38281 + 3ss9.

Finally, by following the same procedure regarding py, we have

4 4 3
s = zy+4riTa 4+
4 2 4 2,2
s] —4sisy = z] —2xix5+---
4 2 2 4 4 2
s7 —4s1s2a +2s; = z]+z5 —4xiroTs + -

which therefore implies s — 45259 + 253 + 4s4 = 2} + 23 + x5 + 2} and yields the formula for py.

(b) Extra Credit

(c) Extra Credit

3

Let R be a commutative ring and M be an R-module.
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a) Show the existence of an R-linear “permutation action” of S,, on ®7 M
R

For each o € Sy, define f, : M™ — M™ by (z1,...,2n) = (Zo1), -+ Tom)) for z1,..., 2, € M. With this definition

fol(xi, o szn) + (W1, 5yn)) = folzr+y1,- 00,20+ Yn)
fo(z1,. 0 y2n)

= (Ze(1)-- > %a(m))

= (To) T Yo)s- -+ To(n) + Yo(n))

= (To)s- - Tom) + (Yo)s- -+ Yo(n)
= fo(x1,.oszn)+ fo (Y1, s Un)

for z1,...,%n,y1,...,Yyn € M letting z; = x; + y; for each such i. Furthermore,
fo(r(zy, ... zn)) = folray,...,rzy,)
= folyr,--- yn)
= (Yo(1)s-+ Yo(n))
(r:z:o(l), cee rxa(n))
= r (xa(l), e ,xo(n))
Tfo (T1,...,2p)
for r € R and x4, ...,x, € M letting y; = rx; for each such i. Therefore each f, is an R-multilinear map yielding,

via the universal property of tensors, the existence of a unique R-linear homomorphism f.: ®BM — M™ through
which f, factors. Hence f_ (21 ® - ®x,) = ($0(1)7 .. ,x,,(n)) for each o € S,, and therefore by defining the action

of S, on ®%M by having ¢ act on x € QM by (io f,)(x) where ¢ : M"™ — ®%M is the normal R-multilinear
inclusion map, we obtain the desired R-linear permutation action, since io f, satisfies the axioms of a group action,
being that i and f, are each homomorphisms. Note that we omit the use of ¢ - x or x - ¢ notation in light of the
next part of this problem.

(b) Is the action previously defined a left or right action?

Set ¢, =io f, for each o € S, so that ¢, (11 @ ®@z,) =iof, (11 ® - Qx,) = (:c(,(l) ®-~-®x,,(n)) for each
Z1,...,2, € M. For repetitious use later, we point out that ¢,, = @, o @, for all 7,0 € S,, according to

Pro(X) = ro (Z Xz‘)
=D ero (1)
= i Tirg(1) @ @ Tirg(n)
7
= zﬁ: Tir(o(1)) ® *** ® Tir(o(n))
= Z o (Tio() @ -+ © Tig(m)
=D _¢rops (xi)
7
=¢roped X

= ;0 (%)

for each x = Zi X; = Zi Ti1 @ - @ Typ € @M. With equation 3.3 in hand we see that if we were to attempt to
make this action a left action then

TO X = ProX = P70 (X) = @7 (9o (X)) = 7 (po(x)) =7+ (0 %)
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and if we were to do so as a right action then

X T0 = ProX = prpo(X) = ¢r (9o (%)) = (o (X)) - 7= (x-0) - 7

for each x € ®% M, implying not only that this action is a left action, but that it is not are right action.

(c)

(d) Show Rlyi,...,Yyn] = Sg(M) for free R-module M with rank(M) =n

Since both R[yi,...,yn] is a graded ring where each homogenous component of degree k is the ring of homogenous
polynomials of degree k (denote it R*[y1,...,y,]) and S§(M) is a graded ring where the homogeneous components
of degree k is S¥(M), it suffices to prove that RF[y;,...,y,] is isomorphic to S¥(M) for arbitrary k.

Let B = {vy,...,v,} be a set of free generators on M and Y = {y1,...,y,}. We will use e to denote the tensor
operation in S¥(M). Define a : M* — R¥[y;,...,y,] and B:Y — S¥(M) by

a(ml,...,mk) H Z(Sj(mi)l‘j

%

B(l‘i) = v,ele---0l

where §; € Hompg_mod (M, R) is the linear operator which takes v; € B to 1 and all other elements of B to zero. With
the product in its definition and because each factor in that product is the sum of linear maps, « is a symmetric
k-multilinear map. Therefore, we have that two results:

1. The existence of an R-module homomorphism @ : S*(M) — R¥[yy,...,y,] through which « factors. This
comes by way of the universal property of symmetric multilinear maps.

2. The existence of an R-algebra homomorphism 3 : R¥[yy, ..., y,] — S¥(M) through which 3 factors. This is
given by the universal property of polynomial algebras.

Pictorially we have the following commutative diagram.

MF Sk(M)

al |3 15}

o «

Rk[ylv"' 7yn} Y

Now, let’s denote ze---ex € S¥(M) by 2% so that 2% = 27 e 1 e---e1 since each element of S*(M) is
— —
j times 7j—1 times

symmetric. Thus for the generators of S¥(M) and R*[yy, -+ ,yn)

a (Bt -yem) =a (Byr)*™ - Blyn)*™)) =@ (0f™ o) =yt -y

and B B B
B(@(vi, @ ov;,)) = B(a(viy,...,vi,)) = B (@i, - xi,) = viy @ @0y,

which implies that @ and 3 are inverses of each other. Hence S*(M) is isomorphic to R¥[y1,- -+, yn].

(e) Extra Credit
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(a) Compute the character of py

Denote the symmetric and rotational generators of Ds, by s and r, respectively. Since p is the homomorphism of
the action of Dy, acting on V; = R?, then for any arbitrary element s'r/ € Da,,, i € {0,1}, j € {0,...,n — 1}

p(s'r?) = p(s)p(r!) = ( 1 : )( COS(ZZ)) Sin((QZZJZ;) )

sin (T

and therefore

Xp(s'r7) = Tr (( 1 : )( in g;)) ::Z;n(g%) >> :{ Sos (222) i;lellrwise

Hence we can compute the character of py of any s'r/ € Da,

ka (Sirj) =

Tr k(slr])) X (p(slrj))
Tr (p(s'r?) @ -+~ @ p(s'r?))
= Tr(p(s'r?)) - Tr (p(s'r7))
0 i =
- { cosk (27” ) otherwise

(b)

(c)

(d) Extra Credit
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