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Let G be a finite group and S be a finite set on which G acts, and the action is given by u: G x S — S. Let V be
the space of C valued functions on S. Let p: G — GL(V) be the linear representation of G defined by

(pg (1)) () = F(ulg™, ) Vged,ses, feC’

Let x, be the character of (V, p).
Let the elements of S be {s1,-- -, sp, }, and denote by B = {fs,} C V the basis of functions such that f;,(s;) = d;;
for each s; € S.

(a) Prove that (x,|1lg) is the number of conjugacey class in G

Fix an s € S, and define f to be the vector of V' by
f = Z fSi
s;€Gs
Then for any g € G and s; € S

D) = 3 pe(fa) = 3 o (o 57) —{ L onlg,s;) € G

0 otherwise
s;€Gs s, €Gs

However, if g~'s; € Gs, then there exists a ¢’ € G with g~ 's; = ¢’s, which implies s; = gg’s, meaning that s; is
also in G's. Hence the above equation boils down to

1 Sj € Gs
0 otherwise

= > fulsj) = £(s))

s;€Gs

)05 = {

Thus the 1-dimensional subspace Wy = span{f} is G-stable. Since there is one such W; corresponding to each
conjugacey class Gs, then (x,|1¢) is the number of conjugacey classes. !

(b)

Now let G operate transitively on S, and define U C V' be the set of functions f for which > ¢ f(s) = 0. Then
for any f € U7 f = a1f51 + - +amf5m

Zf(s) :Zalfsl(s)+"'+amfsm(8) =a1+- -+ an =0
ses ses

implying that a1 + -+ + @n—1 = —am, which further implies that U has dimension dim V' — 1.
Now because G is transitive, then for any g € G

S pa(Hs) =D flulg™hs) =D f(s) =0
sES seS seS

implying that py(f) € U, i.e. U is G-stable. Therefore V' can be decomposed into V = U & W for some G-stable
subspace W, by Maschke’s theorem. However, since U has dimension dimV — 1, then W has dimension 1, and
since G is acts transitively on S, then (x,|1¢) = 1, implying that W must be the single trivial representation in
the decomposition of V. Thus, denoting the character of U by xy,

Xu=Xp—1

(c)

Hnspiration drawn from [Sho]
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(d)
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()

(b)

(c)

()
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