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(a) Compute the character table of the Heisenberg group H (F3)

Let a,b,c,x,y,z € F3. Then

1 =z y 1 a 1 =z y 1 z vy 1 a b 1 —z zz—y
1 =z 1 ¢ 1 =z = 1 =z 1 ¢ 1 —z
1 1 1 1 1 1

1 a cx—az+b

= 1 c

1

by which we see that
1 b 1 a
1 bel, U 1 ¢ |la,ceTy
1 1

represent the conjugacy classes of H(F3). Thus there are 11 irreducible characters. We will denote the conjugacy
classes by Cp, C1, Ca, Co1, Co2, C10, C11, C12, C0, Ca21, and Caz where

1 b 1 a b
Cy, = 1 and Cue = 1 ¢ belF;
1 1

We will denote the eleven characters by x; through x11, with x; being the trivial character. With this notation,
we have the following steps of reasoning about the values of the character table.

1. The trivial character takes all elements to the identity. So we have:

size: 1 1 1 3 3 3 3 3 3 3 3
class: | Chp C1 Cy Cpi Cpa Cig Cii Cia Cy Ca Co
xx |1 1 1 1 1 1 1 1 1 1 1

2. Since the degrees of the each character must divide the order of the group (which is 27) and the sum of the
squares of the degrees must equal the order of the group, then the degrees of the irreducible characters have
tobel,1,1,1,1,1,1, 1, 1, 3, 3 as 9(12) + 2(3%) = 27. This gives us the entire first column of the table.

3. Define the maps ¢ : H(F3) — F3 and ¢ : H(F3) — F3 by

1

a b 1
® 1 ¢ | =a and )
1

a b
1 ¢ =c
1

Therefore ker ¢ = (Ube]F3 Cb)U(Uce]F3 Coc) and ker ¢ = (UbeF3 Cb)U(Uang Cao), which implies H (F3)/ ker ¢ =
Fs and H(F3)/ ker ¢ = F5. This, in turn, demands that the non-trivial degree-1 characters can be determined
from the non-trivial degree-1 characters on Fs. Define x2 to be the character corresponding to ¢ and the
character on F3 mapping i — ¢ where ¢ = e’ is the third root of unity. Similarly let x3 be the character
corresponding to ¢ and the character on F3 mapping i — ¢*. We thus have:

size: 1 1 1 3 3 3 3 3 3 3 3

class: | Cy C; Cy Cyu Cha Cig Cip Cia Cy Co Caa
x2 [1 1 1 1 1 ¢ ¢ ¢ ¢ ¢ ¢
X3 1 1 1 ¢ ¢ 1 ¢ ¢ 1 ¢ ¢
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4. Given that x2 and y3 are non-trivial characters of dimension one, their tensor yields another non-trivial
character of dimension one. We can then again tensor the resulting one dimensional character with other
one-dimensional characters to get more one dimensional characters, and then repeat. In this vein we define:

X4
X5
X6
X7
X8
X9

X2X3
X3X4
X2X4
X3Xe6
X2X7
X3X7

and therefore we are only left with finding the values of x19 and x11. This gives us:

size: | 1 1 1 3 3 3 3 3 3 3 3
class: | Cp C7 Cy Cpp Cpa Ci9p Cip Cia Cy Oz Coo
xa |11 1 ¢ ¢ ¢ ¢ 1 ¢ 1 ¢
xs (1 1 1 ¢ ¢ ¢ 1 ¢ ¢ ¢ 1
xe [1 1 1 ¢ ¢ ¢ 1 ¢ ¢ ¢ o1
xr [1 1 1 ¢ ¢ ¢ ¢ 1 ¢ 1 ¢
xs [ 1 1 1 ¢ ¢ 1 ¢ ¢ 1 ¢ <
xo [ 11 1 1 1 ¢ ¢ ¢ ¢ ¢ ¢

5. For each conjugacy class which is not one of Cy, C7, or Cs, the current values of x; through xg, when paired
with themselves and multiplied by the size of the conjugacy class (all have size 3), gives the size of the group.
Therefore the values of x19 and x11 must all be zero on these conjugacy classes. We are now left with finding

the values of x109 and x11 on C7 and Cs.

Now because

x(z) = x(z~

5 € Cs.
X11( 2) by a, 8 respectively)

a

Pairing the first and second column yields a4+ f = —3
Pairing the first and third column yields @ + 3 = —3

1) for any x € G, then both x10(21) = x10(22) and x11(21) = x11(22) for all z; € Cj,
Furthermore, the orthogonality relations tell us that for z; € C7 and o € Cs (denoting x10(z1),

(c) Pairing the second to last row with itself yields aa =9, i.e. |a| =3

(a)
(b)
)
)

(d) Pairing the last row with itself yields 83 =9, i.e. |3 =3

By the above constraints, we can see that x1(z1)

= x11(z2) = 3¢ is a viable solution. This yields

size: 1 1 1 3 3 3 3 3 3 3 3
class: | Cp C1 Cy Cpi Coo Cip Cii Cia Cop Co Co
xwo | 3 3¢ 3¢ 0 0 0 0 0 0 0 0
xi1 | 3 3¢2 3 0 0 0 0 0 0 0 0

Bringing together all character values from above, we obtain the entire character table, seen in Table 1.1.

(b)

Extra Credit: Compute the character table of H(F,) for larger primes

We will compute the character table for H(F5). Put G = H(F5). The conjugacy classes are similar as in the case
of p = 3, there are just more of them. Using the same notation as above, we will denote the conjugacy classes by

CO; '70470017"'7

..7044



size: 1 1 1 3 3 3 3 3 3 3 3
class: | Cp C1 Cy Cpr Coo Cip Cii Cia Cop Co Cop
X1 1 1 1 1 1 1 1 1 1 1 1
x2 |11 1 1 L ¢ ¢ ¢ ¢ ¢ ¢
xs |11 1 ¢ ¢ 1 ¢ ¢ 1 ¢ ¢
x« |1 1 1 ¢ ¢ ¢ ¢ 1 ¢ 1 ¢
xs |11 1 ¢ ¢ ¢ 1 ¢ ¢ ¢ o1
xe |11 1 ¢ ¢ ¢ 1 ¢ ¢ ¢ o1
xr |1 1 1 ¢ ¢ ¢ ¢ 1 ¢ 1 ¢
xs |1 1 1 ¢ ¢ 1 ¢ ¢ 1 ¢ ¢
xo [ 11 1 1 1 ¢ ¢ ¢ ¢ ¢ ¢
Xo | 3 3 3¢* o o0 0 0O O 0 0 O
xiu |3 3* 3 o0 o0 0 0 O 0 0 O

Therefore there are 29 irreducible characters. The degrees of each of these characters must divide |G| = 125, i.e.
be 1, 5, 10, or 25, and the sum of their squares must be 29. The only set of values that satisfy such contraints
are 25 1’s and 4 5’s. This gives us the first column, and of course we have all 1’s in the first row for the trivial
representation. Now if we take ¢ and ¢ to be as they are defined in the previous subsection, the quotients of G by
their respective kernels each result in F5. Thus each 1-degree character is made up of fifth roots of unity, which we
will denote by ¢. Hence we can set ya to the character arising from the character on Fs which takes i — ¢?, and
similarly with x’ and ¢. This is similar to our method above. We can then set the rest of the degree-1 characters

Table 1.1: Character table of H(F3)

to be, i.e. alterating “tensoring” by x2 and x3 so that

Now the remaining characters will be zero on any classes which are not one of the C; classes. Furthermore, they

X3
X4
X5
X6
X7
X8
X9
X10
X11
X12
X13
X14
X15
X16
X17
X18
X19
X20
X21
X22
X23
X24
X25

X3
X5
X3
X/
x2X'
X5X'
X5x'
XoX'
X’2

x2x?

ax'

xax'
xax'?

X/S

xax'®
XX
xXox"
XoX"
X/4

xaX'

X

xax'™

xax'

will consist of 5’s on the left and shifts of (¢,¢?,¢3,¢*). This results in table 1.2.
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size: | 1 1 1 1 1 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5
class: Co Cy Cs C3 Cy Co1 Co2 Coz Cos Cio Ci1 Ci2 Ci3 Cig Cip Ca1 Caa Caz3 Coy Czp Czp Czz Cz3 C34 Cyo Cy1 Cuz Cuz Cyg
xi |1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
x2 |1 1 1 1 ro¢ ¢ ¢ ¢t ¢ ¢ ¢t ¢ ¢t ¢t ¢
x3 |1 1 1 1 ¢ ¢to¢ ¢ ¢t ¢ ¢t ¢ Gt ¢t ¢
xa |1 1 1 1 ¢ ¢ ¢t B¢t ¢ ¢o¢tt 1 ¢ttt o ¢t
xs |1 1 1 1 ¢t ¢ ¢ ¢ o1ro¢tt ¢ ¢ o¢coo¢t¢ G ¢ ¢t e ¢t ¢
xe |1 1 1 1 1 1 1 1 1 ¢ ¢ ¢ ¢ ¢ oG ee ottt
xr |1 1 1 1 ¢ ¢ ¢t ¢ ¢t oG ¢t ¢t ¢ttt ¢
xs |1 1 1 1 ¢ o¢o¢ ¢o¢c ¢ ¢t ¢t ¢ o ¢t ¢t ¢
xo |1 1 1 1 ¢ ¢ ¢t ¢t ¢ ¢t ¢t ¢t ¢ ¢
Xo [ 1 1 1 1 ro¢t ¢ ¢ ¢ ¢t G ¢ ¢ ¢ ¢t B¢ ¢ttt G ¢
xii [ 11 1 1 L R S S ST S G G G G G G G G G G G N G G A G AN G
xz |1 1 1 1 ¢ ¢ ¢t e ¢t ¢t ¢o¢ ¢ GGt ¢t ¢
xi3 | 1 1 1 1 ¢ ¢t ¢ ¢t ¢ ¢t ¢ o ¢ ¢ ¢ttt ¢t ¢
xua | 11 1 1 ¢ ¢ ¢t ¢ ¢ ¢ttt ¢o¢co¢o¢t oG ¢ ¢t
x5 | 11 1 1 ¢t ¢ ¢ ¢ ¢ ¢t ¢t ¢ ¢ ¢t ¢ ¢t
xe [ 1 1 1 1 L S S S S A & Y G G G G G G G G G G N G G G
xir [ 11 1 1 I N G S A G G N G L G G G G G N G S G R G G N G N G G A G N
xis | 1 1 1 1 ¢ ¢t ¢ ¢ ¢t ¢ ¢ttt ¢ oo ¢t ¢
xwo | 1 1 1 1 ¢ ¢ ¢t ¢ ¢ ¢t ¢t ¢t ¢o¢co¢oro¢o¢ot
X0 | 1 1 1 1 ro¢t ¢ ¢ ¢ ¢ ¢ ¢ oot ¢o ¢t et ¢ o2 o¢o1o¢t g
Xer |11 1 1 O R S S S G G S N G S G G S G G G G Y G G G G GG
xe2 |11 1 1 ¢ ¢ ¢ttt ¢ ¢t ¢ Gt ¢ ¢ ¢t
x23 | 1 1 1 1 ¢ ¢t ¢ ¢ ¢t ¢ ¢t ¢t ¢ ¢ oot
x4 | 1 1 1 1 ¢ ¢ ¢t ¢ttt ¢ o ¢t oo ¢ttt ¢
x2s | 11 1 1 1 ¢ ¢t ¢ e ¢ ¢ ¢t ¢t ¢ ¢t
x26 | 5 5 5¢% 5 5¢* 0 0O O O O O O O O O O O O O O O O O O O O 0 0 O
Xor |5 BC%2 B3 5¢* 5¢ 0 O O O O O O O O O O O O O O O O O O O O O o0 O
Xes | 5 BC3 B¢t 5¢ 52 o0 O O O O O O O O O O O O O O O O O O O O O o0 O
X0 | 5 B5¢* 5¢ 5¢* 5¢ 0 0o O O O O O O O O O O O O O O O O O O O O 0 O

Table 1.2: Character table of H(F5)



Find a non-commutative group G C S; with 21 elements.

(a)

Since S7 has elements of order 3 and of order 7, e.g. (12 3) and (123456 7), and so has subgroups isomorphic to
cyclic groups C5 and C7. We can take a semi-direct product of these two cyclic groups to obtain the desired group
with 21 elements.

Since Aut(C3) is isomorphic to Cs, the identity map is the only homomophism in Aut(C3)¢7. Hence any Cs x Cy
would just be isomorphic to the direct product, thereby making G commutative give that the components C5 and
C7 are commutative. Therefore we must find a non-trivial homomorphism ¢ : C3 — Aut(C7) which will then
make C7 X, C3 into a semi-direct product. The automorphisms on C'7 are defined by their mapping of 1, so define
fn € Aut(C7) by the map m — nm for m € C7. Because ¢ needs to be a homomorphism, we must have

p(0) = fi
e(l) = fa
©(2) e(1+1) = fno fn=fuz

for some yet to be determined f, € Aut(C7). However, notice that no matter what f,, is, p(z) = fpe for any
x € Cs. Therefore p(x)(m) = fr=(m) = n®m, which in turn yields the composition of this semi-direct product:
(2.1)

(m1,x1)(ma, x2) = (M1 + @(z1)(Mm2), 21 + x2) = (M1 + n"'mao, 1 + x2)

For our group we will select n = 2

(b)

Determine the conjugacy classes of G

With the fomula from equation 2.1 in hand, the conjugation of (r,y) € C7 %, C3 by (m, ) is

(m+ 27,2 + )2 (-m), — )

(m +2%r +2°TY27 (—m), x +y — 1)
= (m+2%r—2Ym, y)

2% + (1= 2%)m, y)

(m, ) (r,y)(p(=2)(=m), —z) =

Thus we have the following conjugates when conjugating by (m,z) € C7 x, C3
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(0,0) — (0,0) (0,1) = (-m,1 (0,2) = (—3m,?2)
(1,0) — (2%,0) (1,1) =» (2* —m, 1) (1,2) — (2* — 3m, 2)
(2,0) = (2(2%),0) (2,1) = (2(2*) = m (2,2) = (2(2%) — 3m, 2)
(3,0) = (3(2%),0) (3,1) = (3(2*) —m (3,2) = (3(2%) — 3m, 2)
(4,0) = (4(2%),0) (4,1) = (4(2*) —m (4,2) = (4(2%) — 3m, 2)
(5,0) — (5(2%),0) (5,1) = (5(2*) —m (5,2) — (5(2%) — 3m, 2)
(6,0) — (6(2%),0) (6,1) = (6(2*) —m (6,2) — (6(2%) — 3m, 2)
from which we obtain the conjugacy classes:

Co = {(0,0)

Cor = {(3,0),(5,0),(6,0)}

Co2 = {(1 0) (2 0)’(4’0)}

Ci1 = {(0 1) (1 1), (271)7 (3, ) ,(5,1 ) 71)}

Cy = {(0 2) (1 2)3(272)7(33 ,2 3(5’2 ) a2)}



(c) Compute the character table for G

We will denote the characters by x; through ys with the first being the character for the trivial representation.
Given this we have the following steps of reasoning about the values of the character table.

1. x1 is the trivial representation so

size: | 1 3 3 T T
class: CQ 001 COQ Cl 02
x1 |1 1 1 1 1

2. Given the hint in the problem statement, there are three characters of degree 1. Since the degree of the
characters need to divde the order of the group and the squares of their sums need to be 21 (in this case), the
first column of the character table is 1,1,1,3,3

3. Define the homomorphism ¢ : G — C3 by ¢(m,n) = m. Then ker ¢ = {(m,0)|n € C7} implying that we can
obtain degree-1 characters from the degree-1 characters of C3. We will assign these to x2 and x3 yielding:

size: | 1 3 3 7T 7

class: C() 001 C()Q Cl CQ
x2 | 11 1 ¢ ¢
X3 11 1 ¢ <

27i

where ( is the third root of unity, e™ .

4. Since 7(1 4+ ¢C + ¢%C?) = 7(3) = 21, then on C; and Cy, x3 and 4 both have a value of zero.

5. Since (2,0)" = (p(0)(5),0) = (5,0) and because (5,0) € Co; while (2,0) € Cps, then the value of x4 on Cp;
and Cyo must be conjugates of each other. By the same reasoning, the same is true for x5. If we let a be the
value of x4 on Cyi, pairing the fourth row with itself yields aa = 2 and similarly if we let 8 be the value of
x5 on Coa. Therefore the magnitude of o and B must be /2. We quickly realize that o = v/2¢ and § = v/2¢?
is a viable solution, yielding:

size: | 1 3 3 7 7
class: CO 001 Cog Cl 02
Xa | 3 V20 V202 0 0
Xs | 3 V2¢2 vV2¢ 0 0

Therefore the whole character table for our G can be seen in table 2.3

size: | 1 3 3 7T T
class: Co 001 C()Q Cl 02
i | 1 1 1 1 1
X2 |11 1 ¢ ¢
xs | 1 1 L ¢ <
X« |3 V20 V22 0 0
Xs | 3 V22 vV2¢ 0 0

Table 2.3: Character table of G = C7 x, C3

(d) Extra Credit
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3 Characters of symmetric and alternating products

Let (V,p) be a finite dimensional representation of a finite group G. Let x, be it’s character. Fix an # € G. The
we can select a basis for V' of eigenvectors of p,, denote it by {e;} and the corresponding eigenvalues by {\;}. Then

2
X5 (x) = (Tr(p)) (ZA> =D N (3.2)

and

Xp(@?) = (Tr (ps2)) = (Tr (p7)) Z/\Q (3.3)

(a) Show that the character of (S%(V), S%p) at ¢ € G is % (xf)(a:) + Xp(w2)>

2

The elements {e; ® e; + €; ® ¢; }i<; form a basis for S?(V'). Since
S2pp(e;@ej +ej@e) =Spi(ei @e;) + S%pule; @ ;) = prei @ pre; + prej @ pre; = Nidj (€, R ej +e; @ e;)

then by equations 3.2 and 3.3

2X52p(1') = 2 Z)\lAJ
1<j

= ZA2+Z)\)\
1<j

= Z)\2+QZ)\)\ +Y N
1<J 7

= Z)\2+Z>\>\ +) NN |+ x(@)
1<J 1<J

= Z)\2+Z>\>\ + N+ xp(a?)
1<J i<t

= ij + Xp(2?)
= X2(@) + xo(2?)

yielding the desired equality.

(b) Show that the character of (A%2(V),A%p) at x € G is 1 (Xf)(:z:) — Xp(w2)>

2

The elements {e; ® e; — e; ® e; }i<; form a basis for A%(V). Since

AQpI(eZ- Qe —ej®e;) = A2pm(ei ®ej;) — A2pz(ej ® €;) = Pzt;i @ Pg€j — Pze; D prei = Nidj(e; @ ej —e; ®e;)
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then by equations 3.2 and 3.3

yielding the desired equality.

(c) Extra Credit

XA?p(x)

D> AN

i<J

% PROYEDS )\i)\j>

1<j i<j

N =

i<j j<i

PROYEDS AjAz-)

[N

PROYEDY )\i)
i,j i

(@) = xp (@)

DN =

(b)

(c)

(d)

5 Extra Credit
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