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Let ¢ € R be positive, f € Z be an even function, and g € Z and be an odd function.

(a) Show [° f(x)dx =2 [ f(x)dx

We can separate [© f(z)dx as

/_Ccf(:c)dac = /_OC f(x)dx + /OC fla)dz

Through a change of variable, setting = h(u) where h(u) = —u, we obtain

/Ccf(x)dz = /Cof(h(u))h'(u)dqu/ch(a;)dx
_1)du+/ocf(x)dx
) x)dx
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since f is even.

(b) Show [ _g(x)dx =0

We can separate ffcg(x)dx as

/ch(x)dz = /ig(a:)d;l:+/ocf(x)dx

Through a change of variable, setting = h(u) where h(u) = —u, we obtain

/_ch(x)dsc

/Cog(h(u))h’(u)du + /ch(a:)dx

[ oo [ g

—/CO —g(u)du—k/ocg(m)dx

/O (u )du+/c (2)da
/ du—l—/o g(x
/ dm—i—/o g(z

= 0

since g is odd.
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(c) Show [ f(xz)g(x)dx =0

Since f(—x)g(—z) = f(x)(—g(x)) = —f(x)g(x) then f(x)g(x) is an odd function. By the previous part of this
problem

[ sty = 0

2 Find function f and constant ¢ so that [ f(t)e*dt = c+x — cos(x?)

Let’s guess that f(t) = e 3!(1 + 2tsin(t?)) so that

x gy _ x PN — xd x 2Vt — z (12)d .
/0 f®)e>tdt /0 (14 2tsin(t7))dt /0 t+/0 2t sin(t*)dt x—i—/o 2t sin(¢°)dt (2.1)

Defining g(s) = /s we have g(0) = 0 and g(2?) = x so that by putting t = g(s) we have

[ s = [ 2o sin((a(e))g ()i

0

2

= /OI sin(s)ds

— cos(z?) + cos(0)

1 — cos(z?)

through a change of variable. Substituting this result back into equation 2.1 we obtain

/z F#)edt = 1 + 2 — cos(a?)
0

so that we see our definition of f works with ¢ = 1.

3

Let f(z) = V9 + 2% and define a partition P of [0,2] by P = {0 = z¢, 21, ...,y = 2} where z; —x,_1 = Az = 2/N.
Since f is a monotonically increasing function on [0, 2], then

N

= Z flzi)Az =

= \

i

and

leaving us with an error in estimation of

N N

UP,f) = (P.J) = 232 7() — 2 D Fwi1) = (f(2) ~ F(0)) = (5 3) =

=1 =1

4
N

Hence, if we’d like the error in our computation of f02 V9 + x4dz to be less than 1/100, then we need 4/N < 1/100,
i.e. N > 400.
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4

Let f(s) be a smooth function and ¢ be a constant. Define
x+ct
u(z,t) :/ f(s)ds
r—ct

Applying the fundamental theorem of calculus then yields the following four equations

Ozu= flzx+ct)— flx—ct) Owu=cf(x+ct)+cf(x—ct)
Pu=fl(xr+ct)— fl(x—ct) OFu=c2f'(x+ct)—Af (x—ct)

and so we see that

OPu=cAf'(x+ct)—Ef(x—ct) = (f(x+ct)— f(x—ct)) = c20?u

(a)

If we set
u= % < cos(cx) /0 f(t) sin(ct)dt + sin(cx) /0 f(t) cos(ct)dt> (5.2)
then " .
u = sin(ca:)/o f(t) sin(ct)dt+cos(c;c)/0 F(t) cos(ct)dt
and

o o= ¢ (cos(cx) /01‘ f(t)sin(t)dt — sin(cz) /OI f) Cos(ct)dt> + sin?(cx) f(x) + cos?(cx) f(x)
= ¢ (cos(cx) /OI f(t) sin(t)dt — sin(cz) /Ow f) cos(ct)dt> + f(z) (sin®(cz) + cos®(cx))
Hence u” + c*u = f(x).

(b)

Let 0 < ¢ < 1. Let u(z) and w(z) be solutions to the differential equation w” + c?w = f(z) and be zero on the
boundary points of [0, 7]. Then define v(x) = w(z) — u(z). We would then have

v+ v =w" — v+ A(wHu) = (W + Fw) — (0 + Fu) = f(z) - f(z) =0 (5.3)
Thus the v must have the form
v = asin(cx) + bcos(cx)

for some a and b as it is the solution of the homogenous equation in 5.3. Hence v(0) = asin(0) + bcos(0) = b =
w(0) — u(0) = 0 so that b is 0. Furthermore v(w) = asin(er) = w(n) — u(r) = 0 so that asin(er) = 0. Since
0 < ¢ < 1, then a = 0. Thus v(z) = 0, which implies w and u are the same. Hence there is only one unique solution
when 0 < c < 1.
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(c)

Let ¢ = 1, in which case we have v’ + u = f. Thus with two applications of integration by parts we get

/f(x)sinxdx = /u"sinxdm+/ usinz dx
0 0 0

= u’(ﬂ)sinwu'(O)sinO/Oﬂu’cosdx+/0ﬂusinx dx
= / ucosdm+/ﬂusinz dx
(u )sinm — u( 0)sin0—/oﬂu(—sinx)dx) —&—/Oﬂusinx dz
( / u( sz)daz) /ﬂusinz dx
0 0

[e)

(d)

Applying are result from part (a) to the situation when ¢ = 1, the previous part implies equation 5.2 becomes
1 x x
u = - (— cos(cx)/ f(#) sin(et)dt + Sin(cx)/ f@) cos(ct)dt)
c 0 0
= - cos(x)/ () sin(t)dt + sin(x)/ f(t) cos(t)dt
0 0

= sin(z) /OgC f(¢) cos(t)dt

which is the unique solution for w.

6

Let L be the differential operator defined by Lw = —w” + ¢(z)w on the interval J = [a,b], where ¢(z) is some
continuous function. Define the inner product by
b
~ [ f@g(o)iz
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(a) Show (Lu,v) = (u, Lv) for u and v that are both zero on the boundary of J.

We first layout a helpful equation obtained via two applications of integration by parts:

b
/u”vdm = o
a

— W (B)(0) — w/(a)(0) — / v dz

b
b)v(b) — v (a)v(a) — / uw'v' dx

—
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8

taking into account that the boundary points for u and v are zero, i.e. u(a) = v(a) = u(b) = v(b) = 0. With the
above equation, our job is simple:

(Lu,v) = /ab(Lu)vdx
- /ab(—u”—f—c(x)u)vdx

b b
= —/ u”vdx—i—/ c(z)uvdz
a a
b b
—/ uv”dm—i—/ c(z)uvdz

/ab u(—v")dx + /ab u(c(x)v) dx

/ab u(—v" + e(z)v)dz

= /b u(Lv)dz
<1j, Lv)

(b) If Lu = Aju and Lv = Agv for Ay # Ay then (u,v) =0

In considering (A1 — A2)(u, v), we use the previous part of this problem:

(A = X)) {u, vy = A{u,v) — Aa(u, v)
(M, v) — (u, A2v)
(Lu,v) — (u, Lv)
= (u,Lv) — (u, Lv)
= 0

Since A; # A2 we must therefore have (u, v).
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(c) If Lu =0 and Lv = f(x), show (u, f) =0

If Lu = 0 and Lv = f, then we have the following

(u, f) = (u, Lv) = (Lu,v) = {0,v) =0

7 Compute the arclength of X (t) = (cost,sint,t) in R3

We have that

|X'(t)] = |(—sint, cost, 1)| = Vsin2t + cos2t + 1 = v/2
so that

/47r | X7 (t)|dt = v V2dt = V2(41 — 0) = 47V/2

0 0

(a)

This is virtually problem 5 of the previous homework.

(b)

The value ||f||; has the following three properties
1. fol |f(z)|dx > 0 with equality only when f = 0.
1 1
2. [y lef(@)ldz = |c] [y |f(x)|dz = |c]|[f]]

3. Jy 1f(@) + g(@)ldz < [y |f(2)| + lg(x)|dz = [|£]| + llg]

which make it a norm on C(]0, 1]).

(c)

10 Compute limy_, fol | sin(Ax)|dx

Since the graph of |sin(Az)| for an arbitrary A is just a sequence of concave “humps”, we can find the area under
a single “hump” and then multiply that times the fraction of these “humps” that are between 0 and 1. One such
“hump” is the left-most one in [0, 1]. It’s area is that of the area under |sin(Az)| on the interval [0, T]. Furthermore
there are 2 of these “humps” over the interval [0,1]. Hence we have

™

1 z us
A kY 1 Y
lim / |sin(Az)|dz = lim 7/ |sin(Az)|dx = — lim )\/ | sin(A\x)|dx
0 0 0

A—00 A—o0 T T A—00
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However, on the interval [0, T], sin(Az) is positive and so from the above equation we get

lim / | sin(Az) |dx— — hm )\/ sin(Az)d
A—r00

Now if we set x = g(u) where g(u) = %, by a change of variable, we get

T U 1 1 . i
lim / |sin(Az)|dx = — lim )\/ sin ()\ (7)) <> du = — lim sin(u)du
A—00 T A—=00 0 A A T A—o0 Jo

1 ™

since ¢'(u) = 5, g(7) = §, and g(0) = 0. Hence we are left with
1 ™

1 1 1
lim |sin(Az)|dx = = lim sin(u)du = — lim (—cos(w) + cos(0)) = — lim 0 =10

A—o0 Jo T A—=00 Jo T A—o00 T A—00

11

Define g(z) = f(x) — ¢. Then lim,_,o = 0 and furthermore that

% f(z) x—c+—/

Without loss of generality we may assume that ¢ = 0. Then, since f is coninuous and lim,_,., = 0, f is bounded.
Thus there is an M such that |f(x)] < M. Let ¢ > 0 be given. Also becuase f is continuous, there exists a ¢ such
that for z with 0 < ¢ < « we have |f(z) — 0| < /2. Hence we have the following sequence of equations

T t T
Y r@ae] < L [ ir@de+ [ 11@)de
T 0 T 0 t
% ( Oth:z:+/tT5/2da:>

Mt n (T —t)e/2
T T
Thus for T such that 22t < /2, the right-hand side of the above equation becomes

IN

T—1
E/2+€/2T <e

which implies

Tlfgof/ flz

as desired.

12

(a)

Let f:[0,1] = R be a continuous function such that

/ fla

for all continuous functions g(x). In particular if g(z) = f(z) we have

/ (@) =0

Since f(x)? > 0 we must then have f(x)? = 0, and so therefore f(z) = 0.
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(b)

This is not true. By problem 6(b) of homework 6, the function

0 <0
h(z) = .
(z) ( L+ %) otherwise
approaches L as = approaches co. Hence we have that the function g,,(x) defined by h(z — a)h(b — x) is zero

everywhere except for (a,b) where a,b > 0. Furthermore g(z) € C*

So, assume for later contradiction that f(x) # 0 is such that fol f(z)g(x) = 0 for all g(z) in C'. Then there
must be a point xy where f is positive. Then there exists a,b € [0,1] with a < b such that xy € (a,b) and f is
positive on all of (a,b). However, since this is the case, then fg,;, where g, 5 is as defined above will be positive on
(a,b) and zero everywhere else, i.e.

/ f(2)gap(z)dz =0
0

a contradiction.

Rush 8



