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For the first five problems, let A, B,C,D € R3 with A = (a1,a2,a3), B = (b1, ba,b3), C = (c1,¢2,c3), and
D = (dy,ds,d3).

1 Problem 1 from Vector Calculus Notes

First off, we have

B x C = (bacz — bzca, bicg — bacy, bica — bacy)
C x A = (coa3 — c3az, ciaz — c3a1, C1as — C2a1)

A x B = (asbs — agba, ai1bs — asbi, arby — asby)
so that

A- (B X ) 1(b263 — b362 + a9 b163 — bgcl) + as blcg — bgcl)
B - (C A) = 1(620,3 — c3a9) + ba(cras — 03a1) + bs(cras — Cgal)

C'(AXB):Cl(a 370,3[72 + ca2(aq 37@3[)1)4’63& Qfagbl)

) + ax( (
) + ba( (
a1 (bacs — bsca) + aa(bics — bser) + ag(brca — bacy)
)+ ca( (
= ay(bacs — bzca) + as(biez — bacy) + az(bica — bacy)

2 Problem 2 from Vector Calculus Notes

We have
A x (B X C) = <a2(b102 — bgCl) — ag(blcg — bgcl),
al(blcz - bQCl) - 03(b263 - 5302),

al(blcg — bgCl) — ag(b203 — b362))

We also have
A-C =ajcq + ases + ases

and
A-B= a1b1 + agbg + (13[)3
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so that

B(A . C) — C(A . B) = ((a101 + asco + a303)b1 — (a1b1 + agbs + Cl3b3)Cl7
((1101 + asco + a303)b2 — (a1b1 + agbs + a3b3)027
(a1c1 + agea + asces)bs — (arby + azbs + a3b3)03>
= (a1b1c1 + asgbicy + agbics — a1bicr — azbacy — asbsey,
aibacy + agbacy + azbacz — arbica — azbaco — azbsces,
a1b301 + a2b302 + a3b363 - a1b1(33 - CLngCg - a3b363>
= (a25102 + azbicg — asbacy — azbscy,
arbaci + asbacs — arbica — azbsca,
a1b301 + CLngCQ — a1b163 — a2b263>
= <a2(b102 — bac1) — as(bies — bscy),
al(b102 — b2C1) — a3(6263 — b302),

al(blcg — bgcl) — 0,2([)263 — bgCQ))

Hence Ax (BxC)=B(A-C)—-C(A-B).

3 Problem 3 from Vector Calculus Notes

Let A,B,C € R™. Then in light of the previous problem and the fact that the dot product is a commutative
operation, we have

AX(BxC)+Bx(CxA)+Cx(AxB)=

4 Problem 4 from Vector Calculus Notes

Since
A x (B X C) = (ag(blcg — b261) — CL3(b103 — b301),
01(5102 - 5261) - a3(b203 - 5302),
al(blcg — bgCl) — a2(b203 — bgCQ))
= (azblcz — agbacy — asbics + azbscy,
a1bica — arbacy — asbacs + azbses,

a1b103 — albgcl — 02b203 + a2b302>
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and
(A x B) x C = (agbs — asba, a1bs —aszby, a1by —asby) x C
= (cz(ale — agby) — c3(arbs — aghy),
c1(arby — agby) — c3(azbs — asbs),

Cl(albg — a3b1) — 02(a2b3 — agbz))

= (a15202 — agbicy — arbses + asgbycs,
aibacy — agbicr — azbzcs + asbacs,

arbsci — asbicy — asbscy + a3b202>

Hence we have that A x (B x C) = (A x B) x C whenever all of

0,21)162 — a2b201 — a3b103 + 0,317361 = a1b202 — agblcg — a1b303 + a3b103
arbica — arbacr — agbacg + agbzca = arbacy — agbicy — agbzcs + asbacs,

aibics — arbser — agbacy + azbzcy = arbsey — agbicr — azbzca + azbaco

are satisfied.

5 Problem 5 from Vector Calculus Notes

6 Problem 9 from Vector Calculus Notes

Let r = (z,y,2) be an element in R? and put r = |r| and # = r/r.

(a) Show V(r?) = 2r

Since )
r? =r]* = (\/x2+y2+22) =a? i+ 22

so that
v(r?) = (2z,2y,22) = 2(z,y,2) = 2r
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(b) Show v(1/r) = —7/r?

Since r is a function of x, y, and z, then
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7 Problem 10 from Vector Calculus Notes

8 Problem 11 from Vector Calculus Notes

9 Problem 12 from Vector Calculus Notes

Define a vector field V in R? by
V(x7y7 Z) = (_yvxa 1)

Then for any ¢; in the group of one-parameter diffeomorphisms generated by this vector field must have

d
%@t(xaya Z) = V(@t(xvyv Z))

By defining ¢y (z,y, 2) = (z*(t,x,y, 2),y*(t, x,y, 2), 2* (¢, x,y, 2)), the above equation yields

d * * * * * *
%(w (t’ 'r’ y? Z)’ y (t7 x’ y’ Z)’ Z (t7 x’ y’ Z)) = V((x (t’ 'r7 y7 2)7 y (t7 x’ y’ Z)’ Z (t7 x’ y’ Z)))
= (_y*(tv'xaya Z)a'r*(taxvya Z)7 1)

further implying that



Hence the group {¢:} of one-parameter diffeomorphisms generated by V' is the group of ¢; such that

(pt(xayVZ) = <ft(x7va)COSta ft(z7y7Z)Sinta t>

where f; is an arbitrary function on R3 but fixed for each t.

Furthermore,
costa—g cos t% cost%
Jpr = sint% sint%—j};t sint%
0 0 0

which has determinant zero. Hence %|t:0 det Jyy is zero, and thus V-V is also zero, indicating the {¢;} are volume
preserving.

10 Problem 13 from Vector Calculus Notes

11 Problem 14 from Vector Calculus Notes

Let
V= (2®+¢y*) " (—yi+ aj)

V(x,y7z):< —Y i o)

x2+y2’x2+y2’

in other words

Therefore
0 0 x o —y o 0 x J -y
w=(Zo_-< v _ Y02 _ Y
cwlV <6y0 0z 22 +y2' 0z 22 + 42 8$O’ Ox x2 + y?2 8yx2—|—y2)

_ (0.0 v +a® (Pl

BACRANCEETE (@2 + y?)2

= (0,0,0)
as desired.

12 Problem 15 from Vector Calculus Notes
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