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1 Problem 16 from Vector Calculus Notes

Let A: R?> - R?, B:R?>— R? and f: R> = R and denote

Az = (a2 (o) 0l )

and
Bla.y2) = (1l ). s, 2) te,0.2))

(a) Derive Rule (1)

V(fg) = (f9)z + (fg)y + (f9)-
= fe9+ f9x + fyg+ foy + 29+ f9g-
= (fx+fy+fZ)g+f(gx +gy+gz)
= (Vg + f(vg)

(b) Derive Rule (3)

V- (fA) =V (fu, fv, fw)
= (fu)s + (f”)y + (fw).
= (fou+ fug) + (fyv + foy) + (frw + fw.)
= (fou+ fyv + fzw0) + (fue + fo, + fw:)
= (fas fys [2) - A+ fuz + vy +wz)
=(Vf) A+ f(v-4A)

(c) Derive Rule (4)

V- (Ax B)=19- (vt —ws,wr —ut,us — vr)
= (vt — ws)y + (wr —ut),(us — vr),

= Ul + Uly — WeS — WSy + WyT + Wry — Uyl — Uty + UyS +US, — V7 — vry

— ((wy — )1+ (us — wy)s + (v — uy)t) + (u(sz —ty) +v(ts —72) +w(ry — Sm))

= (Wy — Vs, Uy — Wy, Uy —Uy) - BHA- (s, —ty, by — 75,7y — Sz)
= (Wy — Vs, Uy — Wg, Vg — Uy) - B—A-(ty — 5,7, — 1y, 55 —Ty)
=(VxA)-B—A-(VxB)
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(d) Derive Rule (5)

v x (JA) = ¥ x (fu, fo, fw)
_ ((fw)y (o), () — (fu)an (f)s <fu>y)

= (fyw+fwy_fzv_fUz»fzu+fuz_fmw_fwm»fxv+fvx_fyu_fuy>

= (fwazvvfzufzwafmvfyu) + (fwy — fuz, fuy — fwg, fo, *fuy

= (fmfyafz) X (u,v,w) +f(wy — Uz, Uz — Wg, Ug *Uy)
= (Vf) x (u,v,w) + f(V x A)

2 Problem 17 from Vector Calculus Notes

3 Problem 18 from Vector Calculus Notes

Let
A=zxi+2yj+3zk

and
B = 3yi — 22j

(a) Check Product Rule 2

For the left hand side of rule 2, we have
V(A-B) =V (3zy — 4zy)
= V(-zy)
= (_yv -z, O)
and the right hand side we have

Ax(VxB)+Bx(VxA)+(A-V)B+(B-V)A=Ax(0,0,-5)+ B x(0,0,0)+(A-V)B+(B-V)A
= (—10y, 5z,0) 4+ (0,0,0) + (A-V)B+ (B-V)A
= (—10y,5z,0) + (A-V)B+ (B-V)A
0 0 0
= (—10y, 5z,0) + <I8x + 2ya—y + 325)2) B
0 0
— —2y— | A
+ <3y8x yc?y)
(—103/, 5337 O) + (6ya _va O) + (3ya —41‘, O)
= (_y7 —CL‘,O)

which is the same as the left hand side.
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(b) Check Product Rule 4

For the left hand side of rule 4, we have

V- (A x B) =V - (6xz,9z, —22% — 6y%)
=6z+9z2+0
=3z

and the right hand side we have

(VvxA)-B-—A-(vxB)=(0,0,0)-B—A-(0,0,-5)
=—A-(0,0,-5)
= —15z

which is the same as the left hand side.

(c) Check Product Rule 6

For the left hand side of rule 4, we have

V x (A x B) =V x (6xz,9z, —22% — 6y?)

= (—21y, 10z, 0)
and the right hand side we have
0 0 0 0 0
. —(A- .B) — CA) = = oy— == 4+ 2y—= ~\B
(B-V)A—(A-V)B+ A(V-B)—B(V-A) <3y63€ 2y8y> A <x(r“)x + yay + 3282)

+A(V-B)—B(v-A)
(3y, —4x,0) — (6y, —2x,0) + A(V - B) — B(V - A)
(—3y,—2x,0)+ A(V-B) — B(V - A)
(—3y, —22,0) + A(0) — B(1 +2 + 3)

= (-3y,—2x,0) — 6B
(=3y, —22,0) — (18y, —12z,0)
(

which is the same as the left hand side.

4 Problem 19 from Vector Calculus Notes

5 Problem 20 from Vector Calculus Notes

6 Problem 21 from Vector Calculus Notes
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