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1 Multilinear Algebra Problem 2

Problem:
Let vy,...,v, be a basis for V and ¢4, ..., ¢, be the dual basis for V* = T1(V). Show that the set

is a basis for the set of all k-fold tensor products, 7%(V),

Solution:
We first state and prove a useful lemma.

Lemma 1. For any m-dimensional vector space W with basis 11, ..., ¥y, the set
B={¢i®p; [1<i<m, 1<j<n}
s a basis for W @ V*,

Proof. Let a ® € W ® V*. Then there are reals aq,...,a,, and by,...,b, such that « = ay¢; +---
B=0bip1 + -+ bypy,. Hence

a®f= (Z%M‘) ® B
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implying that B spans W @ V*. Now if there existed reals ¢;; for 1 <i <m and 1 < j < n such that

a®B= > e (i ®p)

IPIHS

i=1 j=1
then we’d have
m n m n
Zzazb] wz®¢] ZZ Cij %@%
zml jnl o
—ZZ az czg ¢z®%)
=1 j=1

Since each 1); ® ¢; is nonzero, we must have that each a;b; —c;; = 0, implying that B is linearly independent. Hence

B is a basis. Hence B is a basis.
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We can now prove A is a basis for 7%(V) by induction. As a base case, we have that {¢;} is a basis for T'(V)
since T (V) = V*. Assuming, now, that {¢;, ®--- ® ¢;,_,} is a basis for T*~1(V), then lemma 1 informs us that
the set

{¢®<Pj |¢€{%’1 ®(pik—1}’ 1§]§TL}

is a basis for TF=1(V)@V* = T*(V). But this set is just A, and thus A must be a basis for TF~1(V)@V* = T*(V),
as desired.

2 Multilinear Algebra Problem 3

For a k-tensor T € T*(V), define
1 (o8
A(T)(vr, - 0k) = > (1) T (Vo) - s Va(k))
o€Sk

for any vy,...,v, € V.

(a) Show that Alt(T) is alternating.

Let i, j be integers with 1 < i < j < k. For each o € Sy, define 7, = g o (i j) where (ij) is the element of Sy that
transpositions ¢ and j. Hence we have

(1) = ~(-1)7
Furthermore, we have

o(t) n=j

To(n) =0o(ij)(n) =4 o(j) n=i

o(n) otherwise

for any integer n € {1,...,k}. Making use of these two equations and the fact that the action of (i j) on Sy simply
permutes the elements of Sy, we see that for vq,...,v;,...,v;,...,v € V we have

1 (o2
Alt(T)(vla~'~avjv"~vvia--~avk) = %l Z (-1) T(UJ(1)7"'7UU(j)7"~7U0(i)7"~avo(k))

’ g€Sk
1 T
= E Z —(—1) UT(UTU(1)7"'”UTU(Z')7"'7v‘ra(j)7""v7'a(k))
g€Sk
1 .
=T (1) T (Vr, (1) -+ s Vrp (i) - -+ Vrp () - - =5 Vg (K))
To €Sk

=—Al(T)(v1,. ., Viy .o, U, .., Vk)

as desired.

(b) Show that Alt(T) = T whenever T is alternating

Denote the set of even and odd permutations of Sy by S,j and S, , respectively. Hence

T(va(1)7~'~7va(k)) :T(vl,...,vk) Vo € Slj
T(Ua(l)w-wva(k)) = —T(Ul,...,wg) Vo € Sk_
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In particular, we note S,:f and S, have the same cardinality, k!/2, and that they partition S} so that

1
Alt(T)(’Ul, e ,’Uk) = y Z (—1)UT(’UJ(1), e 7U0(k))

’ g€Sk
1 - Y
= H Z (_1) T(”U(l)?'“a“a(k))"‘ Z (_1) T(UJ(1)7...7UU(k)))
" \oes; gES,

1
= E Z T(Ud(l),...,vg(k)) — Z T(va(1)7...,vg(k))>

oceS; ocES,

:% Z T(vy,...,v5) — Z —T(Uh-uﬂ)k))

ocest oES,

:% Z T(’Ul,...,’l)k)+ Z T(U17.-~7vk)>

ocest ceS;
1
:T(Ul,.,vk)k'(z 1+ Zl)
" \oes;t oEeS,

(v1, ... v0)— (kl/2 + k1/2)

k!
(vi,---,vk)

as desired.

(c) Conclude that Alt(Alt(T)) = Alt(T)

Since Alt(T) is alternating for any T', then the previous part of this problem yields Alt(Alt(T")) = Alt(T")

3 Multilinear Algebra Problem 7

4 Differential Forms Problem 1

Fix an arbitrary point p € R". Then dx'(p),...,dx"(p) is a basis for the vector space Hom(R}, R), so that

df (p) = fr(p)dx"(p) + -+ + fu(p)dx"(p)

where each f; is a real valued function on R™. In other words
df = frdx' + -+ fndx"

so we need only find these functions f;. However, because dx!(p),...,dx"(p) is the dual basis to the basis
(e1)ps---»(en)p € Ry, then we know fi(p) = df (p)(e;), for each i. Thus

) = dF ) e,
= /o))
~ (50 550 - L) @)
o
~ Oxt

()
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Hence f; = % indicating

df = <gj) dx* +--- + (g;)dx"

as desired.

5 Differential Forms Problem 2

Let f: R™ — R™ be a differentiable function.

(a) Show that f*(dy’) = X", (3w> dzi

For fixed p € R™ we have

(f*(dy"))(p) = dy' (f(p))
-3 (55) e

so that

A af
rra) =3 (55 )
j; oxJ

as desired.

(b) Show that f*(w;i + w2) = f*(w1) + f*(w2)

By the definition of f*w and the linearity of f*, we have
(f* (w1 +w2)) (p)

f* (w1 +w2)(p))
[ (wi(p) +w2(p))
f
=(f
(f

(wi(p

“(wi(p) + [ (w2(p))
frw)(p) + (f*w2)(p)
frwr+ ffw2) (p)

for a fixed p.

(c) Show that f*(gw) = (g o f)f*(w) = f*(w)g"(w)

(d) Show that f*(w An) = f*(w) A f*(n)

6 Differential Forms Problem 3

Let f: R? — R? be defined by
f(u7 U) = (x(u, U)v y(u> ’U)) = (u2 - U27 2’1“))
and let w = —ydz + zdy. Thus we have

dr = 2udu — 2vdv
dy = 2vdu + 2udv
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so that

frw = —(2uw)(2udu — 2vdv) + (u* — v*)(2vdu + 2udv)
= —duPvdu + duv?dv + 2uvdu + 2uldv — 203du — 2uv?dv
= (—2u?v — 20%)du + (2uv? + 2u®)dv

7 Differential Forms Problem 4

Let f: R® — R" be a differentiable function. We endeavor to prove f*(dy! A--- Ady™) = (det f')dax' A--- A da™
via induction. By problem 5(a) we have
Ay
(dy) === |d
[ (dy) ( &E) x

yielding our base case for n = 1. Now assume that n > 1 and that
Fr(dy* A--- Ady®) = (det f)dat A - A da® (7.1)
for any k < n. Letting .J, be the Jacobian of f without the n'" row and column, we therefore we have

frdyt A Ady" T Ady™) = fF(dyt A Ady™ T A FE(dy™)

= ((det J,)dz! A -+ A dz" ) A (i (gi:) dxi>

i=1

i=1

However, since alternating tensors are zero whenever there is a repeated component, the last line becomes

oy™

Py’ Ay Ay = () (O

) (dz* A Ada™) = (det f') (dz' A -+ Ada™)

giving us the desired result.

8 Differential Forms Problem 5

9 Differential Forms Problem 6

(a)

(i)

Let w = xdy + ydx. Then the exterior derivative is

dw = ((mj) dz A dy + <8x> dy/\dy) + ((83;) dz N dzx + (834) dy/\da:)
Ox Oy ox Oy
= (dz ANdy +0)+ (0 + dy A dzx)
=dx Ndy+dy Ndx
=dxr ANdy — dx N\ dy
=0
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(ii)

Let w = xdy — ydx. Then the exterior derivative is

dw = Oz dx A\ dy + 0z dy Ndy | + o-y dz A dx + o-y dy N dz
Ox Oy ox dy
= (dz ANdy +0) + (0 — dy A dz)
=drANdy —dy Ndx

=dr ANdy+dx Ndy
= 2(dx A dy)

(b)

10 Differential Forms Problem 8
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