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(a)

Let a,b € F and A, B € M, x,, (F). Then we have

n

Z (aA+bB),;,

i=1

tr(aA + bB)

n

= Z (aAi; + bBi;)
i=1

= a Z Ay +b Z Bi;
i=1 i=1
= atr(A) +btr(B)

which gives us the linearity of trace.

(b)

Let w,w’ € W. Then the trace of w and w’ are each zero. So for a,b € T this yields the following by the linearity
of trace.
tr(aw + bw') = atr(w) + btr(w') = a(0) + b(0) =0

So aw + bw’ € W, and thus W is a subspace.

()

Matrices in My, «,, (F) will have the form
a b
c d

for a,b,c,d € F. Matrices in W will have the above form with the restriction that a+d = 0, i.e. d = —a, so actually,
all elements of W will have the form
a b
(¢ 1)

With this form, one basis (maybe call it the standard basis for W) would be

o 1)(00)(V0))

since these matrices are linearly independent and

(o )l a) (v o) =(5 =)

With this, W has dimension three.
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2 Problems from §2.4

(a) Problem 1

For this problem, we’ll use the more intuitive subscript notation of the matrix representation of a linear operator
from class and of Treil [2], rather than Friedberg, Insel, and Spence’s notation.

— (a) —
Generally false, since inverses are unique and the inverse of [T g, is [T *]ag by Theorem 2.8 [1, p. 101]. This could
potentially be true if V., W, «, 8, and T were chosen appropriately, say V =W and a = 3.

True.

True since [T]ga[v]e = [T'(v)] for v € V.

False. The space May3 (F) has dimension 6 and F® has dimension 5.

— (&) —
True. Both P,(F) and P, (FF) are over the same field and have the same dimension if and only n = m, so by
Theorem 2.19 [1, p. 103], they are isomorphic.

False. The product of

and

O O
o = O

will be the two-by-two identity matrix, but neither are invertible as they are not square matrices.

—(g) —

True since A~! satisfies the requirements of being an inverse of (A71)71,
AT A Y =AM AP =Tand (A ) A =44 ) 1 =T
and inverses are unique [1, p. 100].
— (h) —
True by corollary two of theorem 2.18 [1, p. 102].
— (i) —

True. If A were an m X n matrix where m # n, then there would not exist any matrix B such that AB = BA since
AB and BA would have different dimensions.
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(b) Problem 2

— (a) —
The linear transformation T is not invertible. The vector spaces R? and R? have dimension 2 and 3, respectively,

so they are not isomophic to each other. Because they are not isomorphic, no linear transformation between them
can be invertible; more specifically T' cannot.

The reasoning of the previous problem stands here as well.

— () —
This linear transformation is invertible.

Let (a,b,c), (a/,b',c) € R? be such that T'(a,b,c) = T(a’,V', ). Then (3a—2c, b, 3a+4b) = (3a’—2c,b', 3a’+4b'),
which requires that b = o’. Due to this, 3a + 40’ = 4a’ + 4b" implies that a = o’ which in turn tells us that
3a’ —2c = 3a’ — 2c, and thus ¢ = /. So T is one-to-one.

Let (z,y,2) € R3. Seeing that for v = (352, y, 1 (—2 + 2 — 4y))

—4 1 4
T(v) = <3(z 3 y)2(2(:ﬂ+z4y)),y,3<z 3 y>+4y> =(z—-dy+z—z+4y,y,2—4y+4y) = (z,9,2)

we have that T is onto. Because T' is one-to-one and onto, then it is invertible.

P5(R) and P2(R) differ in dimension, so as before, there is no invertible linear transformation between them.

7(6)7

Msy2 (R) and P»(R) differ in dimension, so as before, there is no invertible linear transformation between them.

This is an invertible linear transformation. Define U : Maxo (R) — Max2 (R) by the following.

(25— (2 5)
With this definition we see
o(r(ea))=v (e )= (e et )= a)
(o2 2)-r () (T ) (2 )

soUoT =1y and T oU = Iyy. Thus T is invertible.

and

(c) Problem 3

— (a) —
The vector spaces F2 and P3(F) are not isomorphic as they do not have the same dimension. The former has
dimension 3 and the latter, 4.
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The vector spaces 4 and P3(F) are isomorphic since they have the same dimension and are both over F.

— (c) —
The vector spaces Mays (R) and P3(F) are isomorphic since they have the same dimension and are both vector
spaces over F.

—(d) —
The vector space V has a dimension of three, as seen in problem 1, but R* has dimension four, so these two vector
spaces are not isomorphic.

(d) Problem 4

Let A and B be n x n invertible matrices. Then B~'A~! is square, and we see both
(B'A™YAB)=B YA 'AB=B"'IB=B"'B=1

and
(AB)(B'A™ Y =AY B 'B)YA=A""TA=A""A=1

This implies that B~1A~! is the inverse of AB. Moreover, (AB)™! = B~1A~L

(e) Problem 5

Let A be an invertible matrix. Then A is square and thus so is its transpose. Seeing that
(Afl)tAt _ (AAfl)t _ It =7

and
At(Afl)t — (AflA)t _ It =71

we know then that A’ is invertible and furthermore that its inverse is (A7)’

(f) Problem 6

Let A be an invertible matrix and B some matrix such that AB = 0. Then we have the following sequence of
equations.

AB = 0
ATYAB) = A%
(A7'A)B = 0
IB = 0
B 0

(g) Problem 7

Let A be an n X n matrix.
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— (a) —
Let A2 = 0. Assume for later contradiction that A is invertible. Then we have that AA~! = I, which implies that
A(AA™HAT = ATA™!
(AA)A7TA™E = A4
(0)A A =T
0=1

however, the identity and zero matrices are not equal; we have a contradiction. Thus A is not invertible.
— (b) —

If AB = 0 for some nonzero n X n matrix B then A cannot be invertible as being so would contradict our result of
our proof for the previous problem.

(h) Problem 9

Let A and B be n x n matrices such that their product AB is invertible. Then L4p must be invertible as well.
From this results

LaLlpapy-1 = LapLapy-1 =1

and
Liapy-1alp = Lapy-1Lap =1

which informs us, respectively, that L4 is onto and Lg is 1 — 1. But since these two maps each have domain and
codomain of M,,x1 (F), namely a domain and codomain of equal dimension, then Theorem 2.5 [1, p. 71] gives us
that L4 and Lp are bijections, that is they are invertible. Hence A and B are invertible too.

(i) Problem 14

Let’s look at the transformation T : V — F? defined by

Ty 7
(O ch>r—>(x,y x, z)

which was derived in an attempt to “undo” the definition of V' to get back into the space F3. Let a,b € F and

!/ /
<3(§ ch) and <3(c) ‘Z,CC)
be elements of V. By the following, we can see that T indeed belongs to L(V,F3).
Ty 'y B ar +bxr’  ay+ by
T(a<0 z>+b<0 z’>) - T< 0 az + bz’
= (axz +bx',ay + by — (ax + b2'),az + b2')
(ax + b2’ a(y — ) + by — 2'),az + b2')

= (az,aly—2),0 > (bx by’ '), b2
= a(z,y x,z) + -, 2)
= aT Z ) +bT< Zi >

Now let’s define the map U : F3 — V by

a a+b
@b (g 0"
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With this definition, we have that for (a,b,c) € F?

T(U(a,b,c))_T( ‘ “;Lb

) = (a,(a+b) —a,¢) = (a,b,¢)
and for (g i’)eV

(e (3 1)) v -5 70

Hence ToU =1Ips and UoT =1y, so T is an isomorphism from V to F3.

)

(j) Problem 16

Let B be an n x n invertible matrix and define ® : M,,x,, (F) — M,,»,, (F) by ®(A) = B~ AB. Letting a,a’ € F we
see the following for A, A’ € M,,«,, (F).

®(aA+dA)=B Y aA+dA)B=(aB 'A+dB A )B=aB 'AB+dB 'A'B = a®(A) + d' ®(A)
So @ is linear. Define ®' : M, ., (F) — M,,»,, (F) by ®(A) = BAB~!. Given this definition, we see
®(®'(A)) =@ (BAB ') =B ' (BAB™")B= (B 'B)A(B'B)=IAI=A

and
®'(®(A)) =@ (B'AB) =B (B 'AB)B™' = (BB ') A(BB')=1AI = A

which together with the linearity of ® yields to us that ® is invertible.

(k) Problem 22

Let cg,...,c, be distinct scalars from an infinite field F. Define the map T : P,(F) — F*"*! by T(f) =
(f(co),---, fen)). With this definition, we see that T is linear since for a,b € F and f, g € P, (F)

T(af +bg) = ((af +bg)(co),- .., (af +bg)(cn)) = a(f(co),.-., fen)) +b(g(co), ..., g(cn)) = aT(f) + bT(g)

Remembering from the first chapter of our book, [1], that a set of Lagrange polynomials in P,(F) is a basis,
we, in an attempt to find an inverse for T, define U : F**! — P, (F) using the Lagrange polynomials go, ..., gn
corresponding to ¢, ..., ¢, by Ulag,...,a,) = aogo + -+ - + angn. With this definition, we have that

Ur(f)) = UT(aogo+ -+ angn))
= U((aogo + -+ + angn)(co); - - -, (aogo + - -+ + angn)(cn))
= Ulag,...,an)
= aopgo+ -+ angn
f

and

T(U(ao, v 7an)) = T(a0f0 + - +anfn) = ((aOfO + - +anfn)(co)7 ) (a0f0 + - +anfn)(cn)) = (a‘07' . -aan)

where the coordinates of f in the basis gg,..., g, are ag,...,a,. From this we can see that T is invertible with
inverse U. Thus, since T is linear, it’s an isomorphism.
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3 Problems from §2.5

(a) Problem 1

False. The j" column of Q is [z,]s.

True. It is the matrix representation of the identity transformation, which is invertible.

7(C)7

False. If Q changes 8’ coordinates into 8 coordinates, then
[T) = [ITT)s = W [T]p [Mpp = Q' [T]pQ
—(d) —

False. The matrices A, B € M,,x,, (F) are called similar if B = Q~*AQ for some Q € M,,x,, (F).

— () —
True by Theorem 2.23 [1, p. 112]. In this case one can be retrieve from the other by the change of coordinate
matrix.

(b) Problem 2

— (a) —
B ={e1,ea} and B’ = {(a1,as2), (b1,b2)}

Mapr = ( [(a1,a2)ls [(b1,b2)]s ) = ( o 2; )

az

B = {(_1,3)7 (2’ _1)} and 3" = {(07 10)7 (5’0)}

War = (10,100 16,00 )= (5 3 )

—(c) —
B =1{2,5),(=1,=-3)} and §' = {e1, €2}

Mo = (1000 (000 ) =37 ( 3 5)
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B = {(_4’3)’ (27 _1)} and ' = {(2, 1)7 (_4’ 1)}’

Mesr = ( (2 D] [(~4,1)]s ) = ( o )

(c) Problem 6 only a and b

For each of these, the matrix A is [La]. where € is the standard basis.

I
N
— =
DN
N———

[Lm:[MLA]E[H]EFQ*AQ:(_f ) a)-(8 )

=
>,
®
|
=
®
o

~
=
=i
=
EeY
|

O
—
b
O
|

/N
— =
|

_ =
'
N
N =
~~
N
— =
|

— =
N~
Il
VR
o w
|

—_ O
~~_

4 §3.1 Problem 1

(a)

True. Performing an elementary row opertion does not change the dimensions of a matrix, and in this case we
perform the operation on the n x n identity matrix.

(b)

This is generally false, since multiplying by any scalar of our choosing in the field over which the vector space lies is
an elementary row operation, but if the field of scalars were Z, consisting of only zero and one, then this property
would hold.
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()

True. Perform the “multiply any row by a scalar” row operation on the identity matrix with scalar of one.

(d)

False. The resulting matrix here is not elementary.

1 0 0 010 010
0 0 1 1 00 ]=|001
01 0 0 01 100

(¢)
True. This is Theorem 3.2 [1, p. 150].

(f)

False. We can again use the counter-example from problem (d). The sums of those two matrices is the 2 X 2 matrix
of all ones.

(2)

True.

(1) Exchanging row or column ¢ with j of I,, will put ones at the ij and ji positions, and zeros at the ii and jj
positions of the resulting matrix.

(2) Multiplying rows and columns of the identity matrix by a nonzero scalar results in a symmtric matrix.

(3) Multiplying row or column ¢ by a scalar a and adding it to j is the “transpose operation” of multiplying row
or column j by a and adding it to .

(h)

False. Let A be
1 1
0 0
and B be the matrix resulting from swapping the two rows of A. Since
1 1 a b a+c b+d
0 0 c d 0 0

we cannot find a matrix that will equal B via left multiplication by A, left alone an elementary matrix.

(i)

True. Since elementary row operations are invertible and their inverses are elementary row operations, if B = FA
then we have E~'B = A and E~! is elementary.
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5 Problems from §3.2

(a) Problem 2

We will use ~~ to denote the transformation of a matrix into an echelon form which gives us the necessary information
about the rank.

The rank is two:

1 1 0 1 0 -1
0 1 1 s 0 1 1
1 1 0 0 0 0
— (b) —
The rank is three:
1 1 0 1 0 0
1 1 s 01 0
1 1 1 0 0 1

The rank is two:

1 2 3 1 1 1 0 0 0 O
1 4 0 1 2 - 0 2 3 1 1
0 2 -3 0 1 00 6 1 0
1 0 0 0 O 00 0 0 O
— (f) —
The rank is three:
1 2 0 1 1 1 2 01 0
2 4 1 3 0 - 0 0 1 1 0
3 6 2 5 1 00 0 01
-4 -8 1 -3 1 00 0 0 O
—(8) —

The rank is one since all rows are multiples of the first.
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(b) Problem 3

Let A be an m X n matrix.

First assume that A has zero rank. This implies that L4 also has zero rank, that is, it has nullity of n since it’s
domain is F”. So La(v) = 0 for all v € F”, in other words Av’ = 0 for all v € M,,«1 (), but only the zero matrix
does this. Hence A is the zero matrix.

Conversely, let A be the zero matrix. This has rank zero since L4 is the zero map, which has zero rank.

(¢) Problem 4

Original
1 1 1 2
2 0 -1 2
1 1 1 2
R2 — 2R1 — R2
R3 — Ry — R3
1 1 1 2
0 -2 -3 -2
0 0 0 0
CQ — Cl — Cg
Cg — Cl — Cg
04 — 201 — C4
1 0 0 0
0 -2 -3 -2
0 0 0 0
C3 — %Cg — Cs
04 — CQ — 04
1 0 0 O
0 -2 0 0
0 0 0 O
%RQ — Ry
1 0 0 0
01 00
0 0 0O

So the rank is two.

Original
2 1
-1 2
2 1
Ri+2Ry; — R,
R34+ 2Ry — R3
0 5
-1 2
0 5
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Swap R; and Ry

-1 2
0 5
0 5
—1R1 — R1
lRQ — Ry
gRg — R3
1 -2
0 1
0 1
Ri+ 2Ry — R,
R3 — Ry — Rg3
1 0
0 1
0 0

So the rank is two.

(d) Problem 7

We can row reduce A with the following steps
(1) Rl — Rg — R1
2) R3 — Ry — R3

(
(3 Swap Rl,RQ
(
(5 Rg — Ry — R3

)
)
4) %RQ*)RQ
)
) Ri — Rz — Ry

(6

The elementary row matrices resulting from these operations, refer to F; as the elementary row matrices for the i*"
step above, can be inverted in order to obtain A as their product, since Eg--- E1A = I. So we get A = Efl ‘e Egl.
The inverses are (note Es = Ej):

1 10 1 0 0 01 0 1 00 1 01
Ef'=(0 10 |E;YEs'=10 10 |Es'=100 |E!'=1020]|E'=[010
0 01 011 0 1 0 01 0 01
So
1 10 1 00 010 1 00 1 00 1 01
A=10 1 0 010 1 00 0 2 0 010 010
0 01 011 0 01 0 01 0 11 0 01
(e) Problem 20
7(a)7
The reduced row echelon form of A is the following.
10 -1 0 =3
01 2 0 -1
00 01 2
00 00 O
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which informs us that the rank of A is three, i.e. the rank of L4 is three as well. This then tells us the nullity is
2 since the domain of the linear map is F°. Since L4 will map any item of its nullspace to zero the a matrix M
with columns (coordinates) of vectors only from the nullspace of L4 will have that AM is zero. To boot, we know
that we can find such an M with rank two because the dimension of the nullspace of L4 is two, i.e. the maximum
size of any linearly independent set. So we’ll choose the two vectors which correspond to the free variables from the
reduced row echelon form of A above, namely

and

OO~ N
OO =N =

So making M a matrix with all zero columns except for two columns which will be the columns immediately above
will result in AM = 0.

Note that the ordering of the above columns in M is irrelevant since the matrix resulting from AM will have
its it" column be Am; where m; is the " column of M.

— (b) —
For any 5 x 5 matrix B with AB = 0, the columns of B must be contained within the nullspace of L 4. Since that

space has dimension two, then no linear independent set of vectors can have a size greater than two. This includes
the columns of B, so rank(B) is two at most.

(f) Problem 21

Let A be an m x n matrix with rank m; denote by 0;x; the zero matrix in M;y; (F). So there are m columns of
A which are linearly independent. This implies that through elementary column operations, i.e. multiplication on
the right by elementary matrices, we can obtain the matrix (I, Opyx (n—m)) Where I, is the m x m identity. Note
that because A has m rows and is rank m, then n > m, so our previous subtraction is valid. Letting F1, ..., E, be
the matrices pertaining to the column operations on A, we have AE; --- E}, = (Im Omx(n_m)), which yields

Im Im
AEl .. Ek ( O(n_ml)Xm ) = (Im OmX(n*m)) < 0(n—m)><7n > = Im

So
B—El"'Ek( I, >

0(n7m) xXm

is the n x m matrix we require.

(g) Problem 22

Let B be an n X m matrix with rank m. By the same reasoning regarding columns in the previous problem, we
perform elementary row operations on B to gain the following result.

Ek...ElB:< Im )

O(nfm)xm
Multiplying both sides by (I Opx(n—m)) leaves us with
I,
(Im Omx(n—m)) Ey---E1B = (Im 0m><(n—m)) < 0 ) =1In
(n—m)xm

and thus the m x n matrix A we are looking for is (Im Omx(n,m)) Ep---FE.
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6

Let A be a n x n matrix such that A2 = 0. Since the identity matrix, I, is also n x n, then I — A is also n x n.
Similarly I + A is square of dimension n. Taking a look at the product of these two sums, we get

IT-—AT+A)=T-AT+T-AA=1*—AI+TA-A>=T-A+A-0=1

as well as
(T4+AT-A)=IT-A)+AT-A) =1 —TA+AI —A*=T-A+A-0=1

So I + A is the inverse of T — A.

7

(a)

Let b,b' € F and v,v" € V with the following expressions in B, v = a181 + - -+ + an Sy and v’ = af1 + -+ + a,,fn.
For this we see that

Bi(bv +b'v") = B ((bay +b'a})B1 + -+ + (bay, +V'al)By) = ba; + b'a, = b8 (v) + b’ B} (v')

and so 3 is linear.

(b)

The dual V* has dimension n since it is the space L(V,F), so we need only show that either B* is linearly independent
or that it generates V*. We choose generation.

Let f € V*. Since f is completely determined by its action on a basis of V, like B, then we need express f
in terms of B* such that f(8;) = (a1f] + -+ + anB})(5i) where a1 87 + -+ + a, 0} is the yet-to-be-determined
representaiton of f in B*. Since 37(3;) = ¢;; (the Kronecker-0), then we simply need to set a; = f(8;) to obtain
our desired property.

()

Let T : V — W be a linear map. If we let a,b € F and U,V € W* then we have the following.
T'aU +bV) = (aU +bV)oT = aUT +bVT = aT"(U) + bT* (V)

So T is linear.

(d)

Let B be a basis for V', C be a basis for W, and B*, C* be bases for V*, W*, respectively. Then for the linear map
T :V — W. The transpose of its coordinate matrix form B to C is ([T]cs)’. Expanding we get

[T(B1)]e

ACHE
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Given how we generate a linear functional with the dual basis C* we get

i(T(Br) -+ e (T(B))

which can be rewritten making use of T%s definition

THcr)(Br) o+ THep)(Br)

THE)(Ba) - TH(ch)(Ba)

but for the way we defined the dual basis, B*, the ij entry of this matrix is i*" coordinate of Tt(c;f) in B*. So the
matrix is then

([TeDlge - [Ten)lge )

which is just [T%]p«c-

(e)

First assume that 7' is an isomorphism. Then the matrix [T]¢g is invertible, which implies that its transpose is as
well. However, its transpose is the matrix [T%]g«c+. so this too is invertible. Thus 7" is an isomorphism since it’s
linear.

Conversely, allow T to be an isomorphism. Then [T"]g+c+ is an invertible matrix. This is equal to the transpose
of [T]¢p and therfore T is an isomorphism since it is linear.

(f)

Define the map M : V. — V* by M(a161 + -+ + anfn) = 187 + -+ + a,B. This definition demonstrates the
map’s linearity as well as it’s surjective nature since B* is a basis for V. Now let M(a1f1 + -+ + anfn) =
M(aipr+---+al,Bn). Thus a1 87 + -+ + anB) = a1 ff + - -+ + a, B, which can only be true if a; = a} for each 1,
since B* is a basis for V*. Hence M is injective. Given these three things, M is an isomorphism.

(2)

For L : V — V** defined by L(a1f1 + -+ + anfn) = a187* + -+ + a,65*. This is simply the composition of
two isomorphisms, namely M; : V — V* and My : V* — V** defined as in the previous problem. Thus L is an
isomorphism.

(h)

Let a,b € F and u,v be vectors in V. Letting G be any vector in V* we get the following by its linearity (it’s in
L(V,TF), remember) and by the definition of Ey itself.

Ey(au+w)(G) = G(au+bv)
= aG(u) 4+ bG(v)
= a(Bv(u)(G) +b(Ev(v))(G)
= (aBy(u)+bEy(v))(G)

So Ey/ is linear.

Rush 16



(i)

Let a181 + - - - 4+ anBn be a vector in V. Then for any G in V* we get the following by the newly found linearity of
Ey.
By(aifi+ -+ anfn)(G) = (aByv(B1)+ -+ anBv(B,))(G)
= (Ev(B1)(G) + -+ anEv(Bn)(G))
= alG(ﬂl) +eee anG(ﬂn)
But for G(B;) is just the i*" coordinate of G in its B* representation, i.e. G(3;) is 8;*(G). So the rightmost term

from the above equation becomes

a1B;°(G) + -+ an 8,7 (G)
and thus Fy = L.

()

Let a181 + - -+ + an By be a vector in V. Then for any G in W* we get the following through the use of the various
definitions of the maps involved as well as their linearity.

(T" o Ey)(a1f1 + -+ anBu))(G) = (Bv(a1fi+---+anfn) o T)(G)
Ey(a181 4+ anfn)(GoT)

= al(GOT)(ﬂl)+"'+an(GOT)(ﬂn)
Ew (a1 T(B1) + -+ a,T(Bn))(G)
= (BwoT)(a1p1+ -+ anhn))(G)

SoT"oFEy =FEwoT.
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